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Abstract
For a positive integer d and a unitary representation ρ : G → U(d) of a compact group G,
the twirling channel for this representation is the linear mapping Φ : Md → Md defined as
Φ(X) =
∫
G dµ(g) ρ(g)Xρ(g
−1) for every X ∈ Md, where µ is the Haar measure on G. Such
channels are examples of mixed-unitary channels, as they are in the convex hull of the set of
unitary channels of a fixed size. By Carathe´odory’s theorem, these channels can always be
expressed as a finite linear combination of unitary channels. We consider themixed-unitary rank
twirling channels—which is the minimum number of distinct unitary conjugations required to
express the channel as a convex combination of unitary channels—and show that the mixed-
unitary rank of every twirling channel is always equal to its Choi rank, both of which are equal
to the dimension of the von Neumann algebra generated by the representation. Moreover,
we show how to explicitly construct minimal mixed-unitary decompositions for these types of
channels and provide some examples.
1. Introduction
A quantum channel is a linear mapping of matrices Φ : Mn → Mm that is both completely positive
and trace preserving, where Mn denotes the space of n × n matrices with complex entries for a
positive integer n. It is well known that a mapping Φ : Mn → Mm is completely positive if and
only if it admits a Kraus representation of the form
Φ(X) =
r
∑
k=1
AkXA
∗
k (1)
for every X ∈ Mn, for some choice of positive integer r and matrices A1, . . . , Ar ∈ Mm,n, where
Mm,n denotes the space of m× nmatrices [Cho75]. A map Φ described in this way preserves trace
if and only if ∑rk=1 A
∗
kAk = 1n, where 1n is the n × n identity matrix. The minimum value of r
for which a description of the form in (1) exists is called the Choi rank of Φ; this number being
so-named because it is equal to the rank of the Choi matrix associated with Φ, which is the matrix
J(Φ) ∈ Mm ⊗Mn defined as
J(Φ) =
n
∑
j,k=1
Φ(Ej,k)⊗ Ej,k, (2)
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where Ej,k ∈ Mn denotes the matrix having a 1 in the (j, k)-entry and 0 in all other entries.
One of the simplest types of quantum channels are unitary channels. These are channels of the
form Φ : Mn → Mn that are given by Φ(X) = UXU∗ for every X ∈ Mn, for some fixed choice of
a unitary matrix U ∈ U(n), where U(n) denotes the group of n× n unitary matrices. A channel
is a mixed-unitary channel if it can be expressed as a convex combination of unitary channels. That
is, a channel Φ : Mn → Mn is mixed unitary if and only if there exists a positive integer N, a
probability vector (p1, . . . , pN), and unitary matrices U1, . . . ,UN ∈ U(n) such that
Φ(X) =
N
∑
k=1
pkUkXU
∗
k (3)
for every X ∈ Mn. The set of mixed-unitary channels of a fixed size is the convex hull of a com-
pact set (the set of unitary channels) in a finite-dimensional space, and thus—by Carathe´odory’s
theorem—every element in the closed convex hull of the set of unitary channels can be represented
as a (finite) convex combination of unitary channels. For a mixed-unitary channel Φ : Mn → Mn,
the mixed-unitary rank of Φ is the smallest number N for which Φ has an expression of the form
in (3). If r is the Choi rank and N is the mixed-unitary rank of a channel Φ, it is obvious that
r ≤ N, but beyond that it is not straightforward to determine bounds on the mixed-unitary rank
of a mixed-unitary channel. We shall say that a mixed-unitary channel has minimalmixed-unitary
rank if it is the case that N = r (which is the smallest that N can be). Recent work by the authors
[GLL+20] investigates properties of the mixed-unitary rank of general mixed-unitary channels,
where upper bounds on the mixed-unitary rank of a channel are presented in terms of its Choi
rank and the dimension of a corresponding operator system. Moreover, the work in [GLL+20]
presents the first known examples of mixed-unitary channels whose mixed-unitary ranks are not
minimal. Previous bounds on themixed-unitary rank of channels were presented in [Bus06], while
further properties of mixed-unitary channels have been studied in [AS08] and [MW09].
In this paper we are concerned with determining the mixed-unitary rank of certain types of
mixed-unitary channels known as twirling channels, which we describe as follows. Let G be a
compact group, let ρ : G → U(n) be a unitary representation of G for some positive integer n, and
let µ be the Haar measure on G. The twirling channel associated with this representation is the
linear mapping Φρ : Mn → Mn defined as
Φρ(X) =
∫
G
dµ(g) ρ(g)Xρ(g−1) (4)
for every X ∈ Mn. It is evident that every twirling channel is mixed unitary and onemay therefore
consider themixed-unitary rank of such a channel. Onewell-known example of a twirling channel
used in the literature is theWerner twirling channel Ξ : Mn2 → Mn2 defined as
Ξ(X) =
∫
U(n)
dµ(U) (U ⊗U)X(U ⊗U)∗ (5)
for every X ∈ Mn2 , where µ is the Haar measure of the unitary group U(n). In the case when the
group G is finite, the corresponding twirling channel takes the form
Φρ(X) =
1
|G| ∑
g∈G
ρ(g)Xρ(g−1). (6)
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Twirling channels have a long history in the quantum information literature and have numerous
applications. For example, channels of this form have been used in the contexts of quantum error
correction [BDSW96], quantum data hiding [DLT02], as well as in the study of quantum entangle-
ment [BBP+96, VW01] and quantum coherence [CGJ+16].
The main result of this paper is summarized in the following statement: every twirling chan-
nels has minimal mixed-unitary rank. That is, the mixed-unitary rank of any twirling channel is
equal to the Choi rank of that channel. This result is obtained through some simple observations
regarding unitary representations and von Neumann algebras.
Before proceeding, we remark on the relation of our work to the concept of unitary designs
[DCEL09, RS09]. Let n and t be positive integers and consider the linear mapping Ξ : Mnt → Mnt
defined as
Ξ(X) =
∫
U(n)
dµ(U)
(
U⊗t
)
X
(
U⊗t
)∗
(7)
for every X ∈ Mnt . (Note that the channel in (5) is a channel of this form for the case t = 2.) A
collection of unitary matrices U1, . . . ,UN ∈ U(n) for some positive integer N comprises a unitary
t-design of dimension n if it holds that
Ξ(X) =
1
N
N
∑
k=1
(
U⊗tk
)
X
(
U⊗tk
)∗
(8)
for every matrix X ∈ Mnt . The number N is said to be the size of this unitary t-design. The
channel in (5) is clearly mixed unitary and an expression of the form in (8) comprises a mixed-
unitary decomposition of the channel Ξ as each of the matrices U⊗tk ∈ U(nt) are unitary. The
size of any unitary t-design must therefore be bounded below by the mixed-unitary rank of the
channel in (5). The mixed-unitary rank of Ξ is, in general, distinctly different from the size of the
smallest unitary t-design. Indeed, for the case when t = 2, it is known that the size of any unitary
2-designmust be at least n4− 2n2+ 2 [GAE07]. Meanwhile, the mixed-unitary rank of the channel
in (5) will be shown in this paper to be equal to (n4 + n2)/2.
2. Preliminaries
In this section we summarize some of the notation as well as some known facts and results con-
cerning quantum channels and representation theory of compact groups that will be used later
in the paper. Further information on quantum channels, and the role they play in the theory of
quantum information, can be found in texts on the subject, including [Wat18].
Given any matrix A ∈ Mm,n, we denote by A∗ the adjoint (or conjugate transpose) of A. The
Hilbert-Schmidt inner product onMm,n is defined as 〈A, B〉 = Tr(A∗B) for every choice of matrices
A, B ∈ Mm,n. A matrix A ∈ Mm,n is said to be an isometry if A∗A = 1n, where 1n is the n × n
identity matrix.
Some simple examples of channels include the identity channel and the completely depolarizing
channel, which we describe below. For a positive integer n, the identity channel of dimension n is
the mapping 1Mn : Mn → Mn defined as 1Mn(X) = X for every X ∈ Mn while the completely
depolarizing channel of dimension n is the linear mapping Ωn : Mn → Mn defined as
Ωn(X) =
1
n
Tr(X)1n (9)
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for every X ∈ Mn. One choice of Kraus representation for the completely depolarizing channel is
Ωn(X) =
1
n
n
∑
j,k=1
Ej,kXE
∗
j,k. (10)
The completely depolarizing has Choi representation J(Ωn) =
1
n1n ⊗ 1n and thus has Choi rank
equal to n2. The mixed-unitary rank of the completely depolarizing channel is also equal to n2, as
one may express this channel as
Ωn(X) =
1
n2
n2
∑
k=1
UkXU
∗
k (11)
for any orthogonal collection of unitary matrices {U1, . . . ,Un2} ⊆ U(n). (Such a collection exists,
as one may choose, for example, the discrete Weyl operators.)
Complementary channels
For positive integers n, m, and r, two channels Φ : Mn → Mm and Ψ : Mn → Mr are said to be
complementary if there exists an isometry A ∈ Mmr,n such that
Φ(X) = (1Mm ⊗ Tr)(AXA∗) and Ψ(X) = (Tr⊗ 1Mr)(AXA∗) (12)
for every X ∈ Mn, where one views the mr×mrmatrix AXA∗ as an element of the tensor product
space Mm ⊗Mr ≃ Mmr. Complementarity of channels can also be determined in terms of Kraus
representations. For any choice of matrices A1, . . . , Ar ∈ Mm,n satisfying ∑rk=1 A∗kAk = 1n, one
may define a matrix A ∈ Mmr,n as
A =
r
∑
k=1
Ak ⊗ ek, (13)
where {e1, . . . , en} is the standard basis of Cn. This matrix is an isometry, as it may be verified that
A∗A = ∑rk=1 A∗kAk. For this choice of isometry, it holds that
AXA∗ =
r
∑
j,k=1
AjXA
∗
k ⊗ Ej,k (14)
for every X ∈ Mn, and it follows that the channels Φ and Ψ defined as
Φ(X) =
r
∑
k=1
AkXA
∗
k and Ψ(X) =
r
∑
j,k=1
〈A∗j Ak,X〉 Ej,k (15)
are complementary. If it is the case that r = rank(J(Φ)) and Ψ : Mn → Mr is a channel that is
complementary to Φ, then any other given channel Ξ : Mn → MN is also complementary to Φ if
and only if there exists an isometry V ∈ MN,r such that Ξ(X) = VΨ(X)V∗ for every X ∈ Mn.
It will be useful to examine forms of channels that are complementary to the identity chan-
nel 1Mn and the completely depolarizing channel Ωn for a fixed positive integer n. It is evident
that the trace mapping Tr : Mn → C is complementary to the identity channel. One choice of com-
plementary channel to the completely depolarizing map is provided by the following proposition.
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Proposition 1. Let n be a positive integer and define a linear mapping Ψn : Mn → Mn2 as
Ψn(X) =
1
n
1n ⊗ X (16)
for every X ∈ Mn. Then Ψn is a channel that is complementary to the completely depolarizing channel Ωn.
Proof. Define a matrix A ∈ Mn3,n as
A =
1√
n
n
∑
j,k=1
Ej,k ⊗ ej ⊗ ek. (17)
This is an isometry, as A∗A = (∑nj,k=1 Ek,jEj,k)/n = ∑
n
k=1 Ek,k = 1n. For this choice of isometry, one
has that
(1Mn ⊗ Tr)(AXA∗) =
1
n
n
∑
j,k=1
Ej,kXEk,j = Ωn(X) (18)
and that
(Tr⊗1Mn2 )(AXA∗) =
1
n
n
∑
i,j,k,l=1
Tr(Ej,kXEl,i)Ej,i ⊗ Ek,l = 1
n
n
∑
j,k,l=1
〈Ek,l,X〉Ej,j ⊗ Ek,l
=
1
n
1n ⊗ X = Ψn(X)
for every X ∈ Mn. It follows that the channels Ωn and Ψn are complimentary, as desired.
We also note that complementarity of channels is well behaved under tensor products and
direct sums. That is, if Ψ0 : Mn0 → Mr0 and Ψ1 : Mn1 → Mr1 are channels that are complementary
to some channels Φ0 : Mn0 → Mm0 and Φ1 : Mn1 → Mm1 respectively, then the channels Ψ0 ⊗Ψ1
and Ψ0 ⊕ Ψ1 are complementary to the channels Φ0 ⊗ Φ1 and Φ0 ⊕ Φ1 respectively. To see this,
note that there must exist a choice of isometries A0 ∈ Mm0r0,n0 and A1 ∈ Mm1r1,n1 such that
Φ0(X) = (1Mm0 ⊗ Tr)(A0XA∗0) and Ψ0(X) = (Tr⊗ 1Mr0 )(A0XA∗0) (19)
for every X ∈ Mn0 and
Φ1(Y) = (1Mm1 ⊗ Tr)(A1YA∗1) and Ψ1(Y) = (Tr⊗ 1Mr1 )(A1YA∗1) (20)
for every Y ∈ Mn1 . The matrices A0 ⊗ A1 ∈ Mm0r0m1r1,n0n1 and A0 ⊕ A1 ∈ M(m0r0+m1r1),(n0+n1) are
also isometries. Moreover, for every X ∈ Mn0 and Y ∈ Mn1 , one has that
(Φ0 ⊗Φ1)(X ⊗ Y) =
(
1Mm0
⊗ Tr⊗ 1Mm1 ⊗ Tr
)(
(A0⊗ A1)(X ⊗Y)(A0⊗ A1)∗
)
(Ψ0 ⊗Ψ1)(X ⊗ Y) =
(
Tr⊗ 1Mr0 ⊗ Tr⊗ 1Mr1
)(
(A0⊗ A1)(X ⊗Y)(A0 ⊗ A1)∗
)
(Φ0 ⊕Φ1)(X ⊕ Y) =
(
(1Mm0 ⊗ Tr)⊕ (1Mm1 ⊗ Tr)
)(
(A0⊕ A1)(X ⊕Y)(A0⊕ A1)∗
)
and (Ψ0 ⊕Ψ1)(X ⊕ Y) =
(
(Tr⊗ 1Mr0 )⊕ (Tr⊗ 1Mr1 )
)(
(A0⊕ A1)(X ⊕Y)(A0 ⊕ A1)∗
)
.
The preceding observations allow us to determine a complementary channel for channels of
the following form. Let p be a positive integer, let m1, . . . ,mp and n1, . . . , np be positive integers,
define the number d = m1n1 + · · ·+mpnp, and define a channel Φ : Md → Md as
Φ = (1Mm1 ⊗Ωn1)⊕ · · · ⊕ (1Mmp ⊗Ωnp). (21)
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If one defines the number N = n21 + · · ·+ n2p and a linear mapping Ψ : Md → MN as
Ψ
(
(X1 ⊗Y1)⊕ · · · ⊕ (Xp ⊗Yp)
)
=
(
Tr(X1)
n1
1n1 ⊗Y1
)
⊕ · · · ⊕
(
Tr(Xp)
np
1np ⊗Yp
)
(22)
for every X1 ∈ Mm1 , . . . ,Xp ∈ Mmp and Y1 ∈ Mn1 , . . . ,Yp ∈ Mnp , then Ψ defined in (22) is a channel
that is complementary to the channel Φ defined in (21).
Mixed-unitary channels and mixed-unitary rank
We now review a characterization of the mixed-unitary rank of channels that will be useful for
determining the mixed-unitary rank of twirling channels. The reader is referred to [GLL+20] for
a proof and further details. Note that a square matrix X ∈ Mn is said to be traceless if Tr(X) = 0
and is said to have vanishing diagonal if all of its diagonal entries are equal to 0.
Theorem 2. Let n be a positive integer, let Φ : Mn → Mn be a channel having Choi rank r, and let N ≥ r
be an integer. The following statements are equivalent.
1. The channel Φ is mixed unitary with mixed-unitary rank at most N.
2. There is a channel Ψ : Mn → MN complementary to Φ such that Ψ(X) has vanishing diagonal for
every traceless matrix X ∈ Mn.
We note that tensor products and direct sums of mixed-unitary channels are again mixed uni-
tary. That is, provided that each of the channels Φ1 : Mn1 → Mn1 , . . . ,Φp : Mnp → Mnp are mixed
unitary for some positive integers n1, . . . , np, the channels
Φ1 ⊗ · · · ⊗Φp : Mn1···np → Mn1···np
and
Φ1 ⊕ · · · ⊕Φp : Mn1+···+np → Mn1+···+np
are also mixed-unitary. (See [GLL+20] for details.) As the identity channel 1Mn and completely
depolarizing channel Ωn are mixed unitary for every positive integer n, it follows that the channels
of the form in (21) are mixed unitary. Although the Choi rank of channels of this form can be easily
computed, determining the mixed-unitary rank of these channels is not so straightforward.
Representation theory
In this section we outline some of the important facts from representation theory that will be used
in this paper. We refer the reader to various texts on the subject for further details, such as [Kna01],
[GW09], and [Sag01].
One consequence of the Peter–Weyl Theorem for compact groups (see, e.g., Theorem 1.12 in
[Kna01]) is that every unitary representation of compact groups is decomposable into irreducible
representations in the following manner. Let G be a compact group, let d be a positive integer, and
let ρ : G → U(d) be a unitary representation of G. There exists a choice of unitary matrixU ∈ U(d)
along with positive integers m1, . . . ,mp and n1, . . . , np satisfying d = m1n1 + · · ·+mpnp such that
the representation decomposes as
Uρ(g)U∗ =
(
1m1 ⊗ ρ1(g)
)⊕ · · · ⊕ (1mp ⊗ ρp(g)) (23)
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for some inequivalent irreducible representations ρ1 : G → U(n1), . . . , ρp : G → U(np). The
commutant algebra of this representation—the set of all matrices in Md that commute with ρ(g) for
every group element g ∈ G—is a subalgebra of Md and may be expressed as
comm({ρ(g) : g ∈ G}) = U∗((Mm1 ⊗ 1n1)⊕ · · · ⊕ (Mmp ⊗ 1np))U, (24)
where U ∈ U(d) is the same unitary matrix as above. (See, e.g., Section 1.7 of [Sag01].) Let
Φ : Md → Md be the corresponding twirling channel for this representation, which is defined as
Φ(X) =
∫
G
dµ(g) ρ(g)Xρ(g)∗ (25)
for every X ∈ Md, where µ is the Haar measure on G. As the twirling channel must be the
projection of Md onto the commutant algebra of the representation given in (24), the channel Φ
may be alternatively expressed as
Φ(X) = U∗
((
(1Mm1 ⊗Ωn1)⊕ · · · ⊕ (1Mmp ⊗Ωnp)
)
(UXU∗)
)
U (26)
for every X ∈ Md, where U ∈ U(d) is the same unitary matrix as chosen above.
Trace vectors and von Neumann algebras
Let d be a positive integer and let A ⊂ Md be a subset. We shall say that a vector v ∈ Cd is a trace
vector for A if it holds that
〈v, Av〉 = Tr(A) (27)
for every A ∈ A. Properties of trace vectors were first investigated in [Per03] (although the term
‘trace vector’ was defined slightly differently there). If 1d ∈ A and v ∈ Cd is a trace vector for A,
it must be the case that
‖v‖ =
√
〈v, v〉 =
√
〈v,1dv〉 =
√
Tr(1d) =
√
d. (28)
A subalgebra A ⊂ Md is a von Neumann algebra if it is both unital and self-adjoint (that is, if it
satisfies both 1d ∈ A and A∗ = A). A useful characterization of von Neumann algebras in Md
was provided in [Per03], which we summarize below.
Theorem 3 (Pereira). Let d be a positive integer and let A ⊂ Md be a von Neumann algebra. The
following statements are equivalent.
1. There exists a vector v ∈ Cd that is a trace vector for A.
2. There exists an orthogonal basis of Cd such that each element of the basis is a trace vector for A.
3. There exists a positive integer p, positive integers integers m1, . . . ,mp and n1, . . . , np that satisfy
mk ≥ nk for each k ∈ {1, . . . , p}, and a unitary matrix U ∈ U(d) such that
UAU∗ = (1m1 ⊗Mn1)⊕ · · · ⊕ (1mp ⊗Mnp).
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3. New results
Condition for a channel to be mixed unitary in terms of trace vectors
Making use of the notion of trace vectors, we may restate the necessary and sufficient conditions
for a channel to be mixed unitary from Theorem 2 in terms of the image of a complementary
channel restricted to traceless matrices having an orthonormal basis of trace vectors.
Theorem 4. Let n be a positive integer and let Φ : Mn → Mn be a channel having Choi rank r. For each
integer N ≥ r, the following statements are equivalent.
1. The channel Φ is mixed unitary with mixed-unitary rank at most N.
2. For some choice of channel Ψ : Mn → MN that is complementary to Φ, there exists an orthogonal
basis of trace vectors for the set {Ψ(X) : Tr(X) = 0} ⊂ MN .
Proof. First suppose that (2) holds. Let Ψ : Mn → MN be a channel complementary to Φ and let
{v1, . . . , vN} ⊂ CN be an orthogonal basis of trace vectors for the set {Ψ(X) : Tr(X) = 0}. Define
a unitary matrix U ∈ U(N) as
U =
N
∑
k=1
1
‖vk‖ ekv
∗
k (29)
and define a linear mapping Ξ : Mn → MN as Ξ(X) = UΨ(X)U∗ for everyX ∈ Mn. This mapping
is also a channel that is complementary to Φ. Moreover, for each traceless matrix X ∈ Mn, the
diagonal entries of Ξ(X) are equal to
〈ek,Ξ(X)ek〉 = 1‖vk‖2 〈vk,Ψ(X)vk〉 =
1
‖vk‖2 Tr(Ψ(X)) =
1
‖vk‖2 Tr(X) = 0 (30)
for each index k ∈ {1, . . . , n}, where we make use of the fact that Ψ is trace preserving and that vk
is a trace vector for {Ψ(X) : Tr(X) = 0}. Therefore Ξ(X) has vanishing diagonal for each traceless
matrix X ∈ Mn. That Φ is mixed unitary with mixed-unitary rank at most N now follows from
Theorem 2. On the other hand, if statement (1) holds, then, by Theorem 2, there exists a choice of
channel Ψ : Mn → MN that is complementary to Φ such that Φ(X) has vanishing diagonal for
every traceless matrix X ∈ Mn. For this choice of complementary channel, it is evident that the
vectors e1, . . . , eN form an orthogonal basis of trace vectors in C
N for the set {Ψ(X) : Tr(X) = 0},
as it holds that
〈ek,Ψ(X)ek〉 = 0 = Tr(X) = Tr(Ψ(X)) (31)
for each k ∈ {1, . . . ,N} and every traceless matrix X ∈ Mn, where in the final equality we make
use of the fact that Ψ is trace preserving.
If the image of the complementary channel Ψ : Mn → MN in the proof of Theorem 4 can
be shown to be embedded inside of a von Neumann algebra, then the characterization of trace
vectors for von Neumann algebras in Theorem 3 can be used to bound the mixed-unitary rank of
the channel, as the following corollary indicates.
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Corollary 5. Let n be a positive integer, let Φ : Mn → Mn be a channel, and let Ψ : Mn → MN be
a channel complementary to Φ for some positive integer N. If it holds that im(Ψ) ⊂ A for some von
Neumann algebra A ⊂ MN having the form
A = (1m1 ⊗Mn1)⊕ · · · ⊕ (1mp ⊗Mnp) (32)
for some positive integers m1, . . . ,mp and n1, . . . , np satisfying mk ≥ nk for each k ∈ {1, . . . , p}, then the
channel Φ is mixed unitary with mixed-unitary rank at most N.
Direct sums of completely depolarizing channels have minimal mixed-unitary rank
Let p be a positive integer, let m1, . . . ,mp and n1, . . . , np be positive integers, define the number
d = m1n1 + · · ·+mpnp, and let Φ : Md → Md be the channel defined as
Φ(X) =
(
(1Mm1 ⊗Ωn1)⊕ · · · ⊕ (1Mmp ⊗Ωnp)
)
(X) (33)
for every X ∈ Md. It is evident that the Choi rank of the channel in (33) is equal to N, where one
defines the integer N = n21 + · · · + n2p. Moreover, this channel is itself a mixed-unitary channel
as it can be expressed as a direct sum of mixed-unitary channels. Using the results of the previ-
ous section, we now show that Φ has mixed-unitary rank also equal to N (and thus it is said to
have minimalmixed-unitary rank). To see this, recall from the observations in Section 2.1 that one
channel that is complementary to Φ is the channel Ψ : Md → MN defined as
Ψ
(
(X1 ⊗Y1)⊕ · · · ⊕ (Xp ⊗Yp)
)
=
(
Tr(X1)
n1
1n1 ⊗Y1
)
⊕ · · · ⊕
(
Tr(Xp)
np
1np ⊗Yp
)
(34)
for every X1 ∈ Mm1 , . . . ,Xp ∈ Mmp and Y1 ∈ Mn1 , . . . ,Yp ∈ Mnp . For this channel, it is evident that
im(Ψ) = (1n1 ⊗Mn1)⊕ · · · ⊕ (1np ⊗Mnp). (35)
As im(Ψ) is a von Neumann algebra of the form in (32), by Corollary 5 we see that Φ also has
mixed-unitary rank equal to N.
Twirling channels have minimal mixed-unitary rank
It is now straightforward to verify the central claim of this work, which states that every twirling
channel has minimal mixed-unitary rank. Recall from Section 2.3 that every twirling channel is of
the following form. Let d be a positive integer, let G be a compact group, and let ρ : G → U(d)
be a unitary representation of G. There exists a positive integer p, positive integers m1, . . . ,mp
and n1, . . . , np, and a choice of unitarymatrixU ∈ U(d) (where one defines d = m1n1+ · · ·+mpnp)
such that
UΦρ(U
∗XU)U∗ =
(
(1Mm1 ⊕Ωn1)⊕ · · · ⊕ (1Mmp ⊕Ωnp)
)
(X) (36)
for every X ∈ Md. (That is, Φρ is the projection onto the commutant algebra of ρ.) From this
observation, along with the observations in the previous section, it is now evident that Φρ is a
mixed-unitary channel with minimal mixed-unitary rank. In particular, this twirling channel has
Choi rank and mixed-unitary rank both equal to n21 + · · · + n2p. This number is also equal to
the dimension of the von Neumann algebra generated by the representation ρ, which is the set
Aρ ⊂ Md defined as
Aρ = comm(comm({ρ(g) : g ∈ G})). (37)
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Note that the commutant algebra of the representation ρ is the von Neumann algebra of Md that
contains all elements of Md that commute with ρ(g) for every g ∈ G. The commutant algebra of ρ
can be decomposed as
comm({ρ(g) : g ∈ G}) = U∗
(
(Mm1 ⊗ 1n1)⊕ · · · ⊕ (Mmp ⊗ 1np)
)
U, (38)
whereU ∈ U(d) is the same unitarymatrix as chosen above. The von Neumann algebra generated
by ρ is the double commutant of the representation and can therefore be expressed as
UAρU∗ = (1m1 ⊗Mn1)⊕ · · · ⊕ (1mp ⊗Mnp). (39)
It evident that the dimension of the von Neumann algebra is equal to dim(Aρ) = N, where
one defines integer N = n21 + · · · + n2p. These observations imply the existence of a probability
distribution (p1, . . . , pN) and unitary matrices U1, . . . ,UN ∈ U(d) such that Φρ can be expressed
as
Φρ(X) =
N
∑
k=1
pkUkXUk (40)
for every X ∈ Md. We collect these ideas in the following theorem.
Theorem 6. Every finite-dimensional twirling channel has minimal mixed-unitary rank, having mixed-
unitary rank equal to the dimension of the von Neumann algebra of the underlying representation.
The proof of Theorem 6 essentially makes use of Theorem 3. The proof of Theorem 3 in [Per03]
is constructive, which allows us to explicitly construct minimal mixed-unitary decompositions for
twirling channels. The remainder of this paper is dedicated to these explicit constructions and
examples of twirling channels.
4. Explicit construction of minimal mixed-unitary decompositions
In this section we construct a minimal mixed-unitary decompositions for channels of the form
in (33). The following construction is based on the proof of Theorem 3 (see Theorem 3.2.4 in in
[Per03]). Further details and a proof of this construction are provided in Appendix A. This section
concludes with an explicit example in the simplest non-trivial case.
Let p be a positive integer, let m1, . . . ,mp and n1, . . . , np be positive integers, define the integer
d = m1n1 + · · ·+mpnp, and consider the channel Φ : Md → Md defined as
Φ = (1Mm1 ⊗Ωn1)⊕ · · · ⊕ (1Mmp ⊗Ωnp). (41)
This channel has both Choi rank and mixed-unitary rank equal to N = n21 + · · · + n2p. For each
k ∈ {1, . . . ,N} and ℓ ∈ {1, . . . , p}, define a matrix Uk,ℓ ∈ Mnℓ as
Uk,ℓ =
1
nℓ
nℓ
∑
a,b=1
(
nℓ
∑
c=1
exp
(
2pii
c(b− a)
nℓ
)
exp
(
2pii · kNℓ + (a− 1)nℓ + c
N
))
Ea,b, (42)
where one defines the numbers N1 = 0 and Nℓ = n
2
1 + · · · + n2ℓ−1 for each ℓ ∈ {2, . . . , p}. Now
define matrices U1, . . . ,UN ∈ Md as
Uk = (1m1 ⊗Uk,1)⊕ · · · ⊕ (1mp ⊗Uk,p) (43)
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for each k ∈ {1, . . . ,N}. It may be verified (see Appendix A) that each of the matrices U1, . . . ,UN
is unitary and that
Φ(X) =
1
N
N
∑
k=1
UkXU
∗
k (44)
holds for every X ∈ Md. As the channel Φ is known to have mixed-unitary rank equal to N,
the expression in (44) is therefore a minimal mixed-unitary decomposition of the channel defined
in (41). We also remark that the expression in (44) means that Φ can be expressed as the average of
the N unitary channels defined by the unitary matrices U1, . . . ,UN ∈ U(d).
Example 7. This example uses the construction outlined above to construct a minimal mixed-
unitary decomposition of the smallest non-trivial example of a channel of the form in (41). This is
the channel Φ : M3 → M3 defined as
Φ = Ω2 ⊕Ω1 (45)
(in which case one has p = 2, n1 = 2, and m1 = m2 = n2 = 1). This channel has both Choi rank
and mixed-unitary rank equal to 5. For this example, the resulting matrices from the expression
in (43) are the matrices U1,U2,U3,U4,U5 ∈ M3 defined as
U1 =


− 14 + i
√
5+2
√
5
4 −
√
5
4 − i
√
5−2√5
4 0√
5
4 − i
√
5−2√5
4 − 14 − i
√
5+2
√
5
4 0
0 0 1


U2 =


− 14 − i
√
5−2√5
4
√
5
4 − i
√
5+2
√
5
4 0
−
√
5
4 − i
√
5+2
√
5
4 − 14 + i
√
5−2√5
4 0
0 0 1


U3 =


− 14 + i
√
5−2√5
4
√
5
4 + i
√
5+2
√
5
4 0
−
√
5
4 + i
√
5+2
√
5
4 − 14 − i
√
5−2√5
4 0
0 0 1


U4 =


− 14 − i
√
5+2
√
5
4 −
√
5
4 + i
√
5−2√5
4 0√
5
4 + i
√
5−2√5
4 − 14 + i
√
5+2
√
5
4 0
0 0 1


U5 =

 1 0 00 1 0
0 0 1

 .
These matrices are unitary and satisfy
(Ω2 ⊕Ω1)(X) = 1
5
5
∑
k=1
UkXU
∗
k (46)
for every X ∈ M3. Interestingly, these matrices also satisfy
〈Uk,Uk′〉 =
{
3 if k = k′
1
2 if k 6= k′
(47)
for each pair of indices k, k′ ∈ {1, . . . , 5}. (That is, these matrices are equiangular in M3.)
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5. Examples of twirling channels
In this section we explore some examples of twirling channels and their minimal mixed-unitary
decompositions.
Permutation-twirling channel
Let n be a positive integer denote the symmetric group of order n by Sym(n). For each permuta-
tion pi ∈ Sym(n), one defines the permutation matrix Vpi ∈ Md as
Vpi =
n
∑
k=1
Epi(k),k (48)
This is naturally a unitary representation of Sym(n), but it is not irreducible. This representation
decomposes as a direct sum of the 1-dimensional trivial representation and the (n− 1)-dimensional
natural representation of Sym(n), each of which are irreducible. (See, e.g., Section 4.4.3 of [GW09].)
One may define the permutation-twirling channel Φ : Mn → Mn as
ΦSym(n)(X) =
1
n! ∑
pi∈Sym(n)
VpiXV
∗
pi (49)
for every X ∈ Mn. From the observations above regarding the decomposition of this representa-
tion (and from the results in Section 3.3), we see that the permutation-twirling channel of dimen-
sion n, as defined in (49), has mixed-unitary rank equal to its Choi rank, which is equal to
rank(J(ΦSym(n))) = (n− 1)2 + 1. (50)
In fact, the commutator of the set of n× n permutation matrices can be expressed as
comm({Vpi : pi ∈ Sym(n)}) = span
{ 1
n
Jn, 1n − 1
n
Jn
}
, (51)
where Jn denotes the n× nmatrix whose entries are all equal to 1. Thematrices Jn/n and 1n− Jn/n
are projection matrices having ranks 1 and n− 1 respectively. The permutation-twirling channel
may therefore be alternatively expressed as
ΦSym(n)(X) =
〈 1
n
Jn,X
〉 1
n
Jn +
〈
1n − 1
n
Jn,X
〉 1
n− 1
(
1n − 1
n
Jn
)
. (52)
The channel ΦSym(n) has both Choi rank and mixed-unitary rank equal to (n− 1)2 + 1 by Theo-
rem 6. Moreover, the construction in Section 4 allows us to explicitly construct a minimal mixed-
unitary decomposition for ΦSym(n). To do so, first define a unitary matrix U ∈ U(n) as
U =
1√
n
n
∑
a,b=1
exp
(
2pii
ab
n
)
Ea,b (53)
which satisfies
1
n
UJnU
∗ =


0 · · · 0 0
...
. . .
...
...
0 · · · 0 0
0 · · · 0 1

 and U
(
1n − 1
n
Jn
)
U∗ =


1 · · · 0 0
...
. . .
...
...
0 · · · 1 0
0 · · · 0 0

 (54)
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and thus the permutation twirling channel may be expressed as
ΦSym(n)(X) = U
∗((Ωn−1⊕Ω1)(UXU∗))U. (55)
One may therefore construct a minimal mixed-unitary decomposition for ΦSym(n) as follows. Fol-
lowing the construction in Section 4, one may define the matrices U1, . . . ,U(n−1)2+1 ∈ Mn as
Uk =
(
1
n− 1
n−1
∑
a,b,c=1
exp
(
2pii
c(b− a)
n− 1
)
exp
(
2pii · k (a− 1)(n− 1) + c
(n− 1)2 + 1
)
Ea,b
)
+ En,n (56)
for each k ∈ {1, . . . , (n− 1)2 + 1} such that
ΦSym(n)(X) =
1
(n− 1)2 + 1
(n−1)2+1
∑
k=1
(U∗UkU)X(U∗UkU)∗ (57)
holds for every X ∈ Mn.
Werner twirling channel
Let n be a positive integer. The Werner twirling channel of dimension n is the linear mapping
Ξ : Mn2 → Mn2 defined as
Ξ(X) =
∫
U(n)
dµ(U) (U ⊗U)X(U ⊗U)∗ (58)
for every X ∈ Mn2 . The representationU 7→ U ⊗U decomposes into the direct sum of irreducible
representations acting on the symmetric and anti-symmetric subspaces of Cn ⊗ Cn. Define now a
pair of projection matrices Π0,Π1 ∈ Mn2 as
Π0 =
1
2
1n ⊗ 1n + 1
2
n
∑
j,k=1
Ej,k ⊗ Ek,j and Π0 = 121n ⊗ 1n −
1
2
n
∑
j,k=1
Ej,k ⊗ Ek,j, (59)
which are the projections onto the symmetric and anti-symmetric subspaces respectively and have
ranks given by
rank(Π0) =
(
n+ 1
2
)
and rank(Π1) =
(
n
2
)
.
The Werner twirling channel may alternatively be expressed as
Ξ(X) =
1
(n+12 )
〈Π0,X〉Π0 + 1
(n2)
〈Π1,X〉Π1. (60)
It follows from Theorem 6 that Ξ has both Choi rank and mixed-unitary rank equal to
rank(J(Ξ)) = rank(Π0)
2 + rank(Π1)
2 =
(
n+ 1
2
)2
+
(
n
2
)2
=
n4 + n2
2
. (61)
Moreover, for any choice of unitary matrix U ∈ U(n2) such that
UΠ0U
∗ = 1(n+12 ) ⊕ 0 and UΠ1U
∗ = 0⊕ 1(n2), (62)
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the Werner twirling channel may be expressed as
Ξ(X) = U
((
Ω(n+12 )
⊕Ω(n2)
)
(UXU∗)
)
U∗ (63)
for every X ∈ Mn2 . Following the construction in Section 4, there is a choice of unitary matrices
U1, . . . ,U(n4+n2)/2 ∈ U(n2) such that the Werner twirling channel may be expressed as
Ξ(X) =
2
n4 + n2
n4+n2
2
∑
k=1
UkXU
∗
k . (64)
for every X ∈ Mn2 .
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A. Explicit minimal mixed-unitary decompositions
This appendix provides the details of and the proof for the explicit construction from Section 4.
The following construction is based on the work of Pereira (see the proof of Theorem 3.2.4 in
[Per03]).
Let p be a positive integer, let m1, . . . ,mp and n1, . . . , np be positive integers, define the integer
d = m1n1 + · · ·+mpnp, and consider the channel Φ : Md → Md defined as
Φ = (1Mm1 ⊗Ωn1)⊕ · · · ⊕ (1Mmp ⊗Ωnp). (65)
This channel has both Choi rank and mixed-unitary rank equal to N = n21 + · · · + n2p. We now
proceed with an explicit construction of a minimal mixed-unitary decomposition. First note that
one may partition the set of integers from 1 to N as
{1, . . . ,N} =
p⋃
ℓ=1
{
Nℓ + j
∣∣ 1 ≤ j ≤ n2
ℓ
}
=
p⋃
ℓ=1
{
Nℓ + (a− 1)nℓ + b
∣∣ 1 ≤ a, b ≤ nℓ}, (66)
where one defines the integers N1, . . . ,Np as N1 = 0 and
Nℓ = n
2
1 + · · ·+ n2ℓ−1 (67)
for each ℓ ∈ {2, . . . , p}. For each k ∈ {1, . . . ,N} and ℓ ∈ {1, . . . , p}, define a matrix Uk,ℓ ∈ Mnℓ as
Uk,ℓ =
1
nℓ
nℓ
∑
a,b=1
(
nℓ
∑
c=1
exp
(
2pii
c(b− a)
nℓ
)
exp
(
2pii · kNℓ + (a− 1)nℓ + c
N
))
Ea,b. (68)
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It may be verified that each of these matrices is unitary, as
Uk,ℓU
∗
k,ℓ =
1
n2
ℓ
nℓ
∑
a,b,c=1
nℓ
∑
a′,b′,c′=1
exp
(
2pii
cb− ca− c′b′ + c′a′
nℓ
)
exp
(
2pii · k (a− a
′)nℓ + c− c′
N
)
Ea,bEb′,a′
=
1
n2
ℓ
nℓ
∑
a,a′,c,c′=1
nℓ
∑
b=1
exp
(
2pii
b(c− c′)
nℓ
)
exp
(
2pii
c′a′ − ca
nℓ
)
exp
(
2pii · k (a− a
′)nℓ + c− c′
N
)
Ea,a′
=
1
nℓ
nℓ
∑
a,a′=1
nℓ
∑
c=1
exp
(
2pii
c(a′ − a)
nℓ
)
exp
(
2pii
k
(
(a− a′)nℓ
)
N
)
Ea,a′
=
nℓ
∑
a=1
Ea,a
= 1nℓ ,
where, for each ℓ ∈ {1, . . . , p}, we use the fact that
nℓ
∑
c=1
exp
(
2pii
c(a− b)
nℓ
)
=
{
nℓ if a = b
0 otherwise
(69)
holds for all pairs of numbers a, b ∈ {1, . . . , nℓ}. For each ℓ ∈ {1, . . . , p}, the collection of matrices
U1,ℓ, . . . ,UN,ℓ ∈ U(nℓ) comprises a mixed-unitary decomposition for the completely depolarizing
channel Ωnℓ . Indeed, for every X ∈ Mnℓ , one has that
1
N
N
∑
k=1
Uk,ℓXU
∗
k,ℓ =
1
Nn2
ℓ
N
∑
j=1
nℓ
∑
a,b,c=1
nℓ
∑
a′,b′,c′=1
exp
(
2pii
cb− ca− c′b′ + c′a′
nℓ
)
× exp
(
2pii · k (a− a
′)nℓ + c− c′
N
)
Ea,bXEb′,a′
=
1
Nn2
ℓ
nℓ
∑
a,b,c=1
nℓ
∑
a′,b′,c′=1
〈Eb,b′,X〉 exp
(
2pii
cb− ca− c′b′ + c′a′
nℓ
)
×
N
∑
k=1
exp
(
2pii · k (a− a
′)nℓ + c− c′
N
)
Ea,a′
=
1
n2
ℓ
nℓ
∑
a,b,b′=1
nℓ
∑
c=1
〈Eb,b′,X〉 exp
(
2pii
c(b− b′)
nℓ
)
Ea,a
=
1
nℓ
nℓ
∑
a,b=1
〈Eb,b,X〉Ea,a
=
Tr(X)
nℓ
1nℓ
= Ωnℓ(X),
where we use the fact that
N
∑
j=1
exp
(
2pii · k (a− a
′)nℓ + c− c′
N
)
=
{
N if a = a′ and c = c′
0 otherwise
(70)
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holds for all choices of numbers a, a′ , c, c′ ∈ {1, . . . , nℓ}. Moreover, making use of the partition
in (66), for every pair of indices ℓ, ℓ′ ∈ {1, . . . , p} one has that
N
∑
k=1
exp
(
2pii · k (Nℓ + (a− 1)nℓ + c)− (Nℓ′ + (a
′ − 1)nℓ′ + c′)
N
)
=
{
N if ℓ = ℓ′, a = a′, and c = c′
0 otherwise
(71)
for all choices of numbers a, c ∈ {1, . . . , nℓ} and a′, c′ ∈ {1, . . . , nℓ′}. Consider now a collection of
linear mappings Φℓ,ℓ′ : Mnℓ,nℓ′ → Mnℓ,nℓ′ defined for each pair of indices ℓ, ℓ′ ∈ {1, . . . , p} that map
nℓ × nℓ′ matrices to nℓ × nℓ′ matrices as
Φℓ,ℓ′(X) =
1
N
N
∑
k=1
Uk,ℓXU
∗
k,ℓ′ (72)
for every X ∈ Mnℓ,nℓ′ . In the case when ℓ = ℓ′, this map is precisely Φℓ,ℓ = Ωnℓ . However, in the
case when ℓ 6= ℓ′, one may make use of the equality in (71) to see that
Φℓ,ℓ′(X) =
1
Nnℓnℓ′
nℓ
∑
a,b,c=1
n
ℓ′
∑
a′,b′,c′=1
exp
(
2pii
c(b− a)
nℓ
)
exp
(
2pii
c′(a′ − b′)
nℓ′
)
·
N
∑
k=1
exp
(
2pii · k (Nℓ + (a− 1)nℓ + c)− (Nℓ′ + (a
′ − 1)nℓ′ + c′)
N
)
Ea,bXEb′,a′
= 0
holds for every X ∈ Mnℓ,nℓ′ and thus Φℓ,ℓ′ = 0. Finally, define matrices U1, . . . ,UN ∈ U(d) as
Uk = (1m1 ⊗Uk,1)⊕ · · · ⊕ (1mp ⊗Uk,p) (73)
for every k ∈ {1, . . . ,N}, where we recall that d = m1n1 + · · · + mpnp. For every X ∈ Md, there
exist matrices Xℓ,ℓ′ ∈ Mmℓnℓ,mℓ′nℓ′ for each pair of indices ℓ, ℓ′ ∈ {1, . . . , p} such that X may be
expressed in block form as
X =


X1,1 · · · X1,p
...
. . .
...
Xp,1 · · · Xp,p

 . (74)
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For all such matrices, one has that
1
N
N
∑
k=1
UkXU
∗
k =
1
N
N
∑
k=1
Uk


X1,1 · · · X1,p
...
. . .
...
Xp,1 · · · Xp,p

U∗j
=
1
N
N
∑
k=1


(1m1 ⊗Uk,1)X1,1(1m1 ⊗Uk,1)∗ · · · (1m1 ⊗Uk,1)X1,p(1mp ⊗Uk,p)∗
...
. . .
...
(1mp ⊗Uk,p)Xp,1(1m1 ⊗Uk,1)∗ · · · (1mp ⊗Uk,p)Xp,p(1mp ⊗Uk,p)


=


(1Mm1,m1 ⊗Φ1,1)(X1,1) · · · (1Mm1,mp ⊗Φ1,p)(X1,p)
...
. . .
...
(1Mmp,m1 ⊗Φp,1)(Xp,1) · · · (1Mmp,mp ⊗Φp,p)(Xp,p)


=


(1Mm1 ⊗Ωn1)(X1,1) · · · 0
...
. . .
...
0 · · · (1Mmp ⊗Ωnp)(Xp,p)


=
(
(1Mm1 ⊗Ωn1)⊕ · · · ⊕ (1Mmp ⊗Ωnp)
)
(X),
as desired.
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